We consider a simple randomised algorithm that seeks a weak 2-colouring of a hypergraph H; that is, it tries to 2-colour the points of H so that no edge is monochromatic. If H has a particular well-behaved form of such a colouring, then the method is successful within expected number of iterations O(n 3 ), when H has n points. In particular, when applied to a graph G with n nodes and chromatic number 3, the method yields a 2-colouring of the vertices such that no triangle is monochromatic, in expected time O(n 4 ).
A hypergraph H on a set of points V is simply a collection of subsets E of V , the edges of H. A d-graph is a hypergraph in which each edge has size d. A weak 2-colouring of a hypergraph is a partition of the points into two 'colour' sets A and B such that each edge E meets both A and B. It is NP-complete to tell if a 3-graph has a weak 2-colouring [6, 4] .
The following simple randomised recolouring method attempts to find a weak 2-colouring of a hypergraph H. It is assumed that we have a subroutine SEEK which on input a 2-colouring of the points outputs a monochromatic edge if there is one, and otherwise reports that there are none. RECOLOUR start with an arbitrary 2-colouring of the points while SEEK returns a monochromatic edge E pick a random point in E and change its colour.
If H has a weak 2-colouring then the method will ultimately find one with probability 1: indeed if H has n points and maximum edge size d, then at any stage the probability of success within the next n 2 steps is at least d
What is of interest is the expected number of iterations to do so. A fair partial 2-colouring of a hypergraph is a pair of disjoint 'colour' sets A and B of points such that for each edge E we have , and each expected holding time is at most
Theorem Let H be a hypergraph with maximum edge size d, and suppose that H has a fair partial 2-colouring which colours m points. Then RE-COLOUR returns a weak 2-colouring with expected number of iterations at most
, and so the expected number of iterations is at most (see for example [3] ).
Comments
(1) The algorithm RECOLOUR is similar in spirit to the randomised method proposed by Petford and Welsh [7] for seeking a proper 3-colouring of a graph (see also [1, 2, 8] ).
(2) A strong k-colouring of a hypergraph is a colouring of the points with k colours such that in each edge the points all receive distinct colours. Let d ≥ 2, and let H be a d-graph with n points and with a strong d-colouring. Then H has a fair partial 2-colouring with at most 2n d points coloured, and so RECOLOUR will yield a weak 2-colouring in expected number of iterations at most
. We consider the cases d = 2 and d = 3 in particular below.
(3) Let G be a connected bipartite graph with n nodes. It is of course easy to find a proper 2-colouring of G. However, suppose that we do apply RECOLOUR to G to obtain a proper 2-colouring, starting from a random 2-colouring. Then the expected number of iterations is exactly 1 4 n(n − 1).
(4) Let G be a graph with n nodes which has a proper 3-colouring. Then we may use RECOLOUR to obtain a 2-colouring of the nodes such that no triangle is monochromatic, in expected number of iterations at most
and thus in expected time O(n 4 ). It does not seem obvious how to do this (uniformly) in deterministic polynomial time.
Of course, if we could find a proper 4-colouring of G, then we could amalgamate colours to obtain a 2-colouring without monochromatic triangles. However, it has recently been shown [5] that it is NP-hard to find a proper 4-colouring in a graph with chromatic number 3 (though it is not yet known if we can quickly find a proper 5-colouring).
(5) We could allow SEEK to be an oracle or adversary, as long as future coin tosses cannot be seen.
(6) (added in proof) For a deterministic approach to problems as considered above, see McDiarmid, C. (1993) . On 2-colouring a 3-colourable graph to avoid monochromatic triangles (manuscript).
